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Abstract
Let A ⊆ B be a homogeneous extension of Noetherian standard Nr -graded rings with A0 = B0 = R.
Let M be a finitely generated Nr -graded B-module and N ⊆ M a finitely generated graded A-submodule
of M . In this paper, we investigate the asymptotic behavior of the set of primes associated to the module
Mn/Nn and prove that for all sufficiently large n ∈ Nr , the set AssR(Mn/Nn) is stable. We also give a
certain inequality for the spread of standard multigraded rings, which is a natural generalization of Burch’s
inequality for the analytic spread of an ideal.
© 2006 Published by Elsevier Inc.
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1. Introduction
Let R be a commutative Noetherian ring and let I be an ideal in R. In 1979, Brodmann proved
in [1] that for any finitely generated R-module M , the set of primes AssR(M/InM) is stable for
all large n. Shortly afterwards, in [9], McAdam and Eakin proved that if A is a standard graded
Noetherian ring with A0 = R and M is a finitely generated graded A-module, then the set of
primes AssR(Mn) is stable for all large n. They also showed that Brodmann’s result followed
from their result concerning the stability of primes associated to homogeneous components of
graded modules. Afterwards, a number of authors have extended these results in the following
two different directions.
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Katz, McAdam, and Ratliff Jr. first extended Brodmann’s original result to finitely many reg-
ular ideals. They proved that if I1, I2, . . . , Ir are ideals of R and each ideal Ii contains a
non-zero-divisor on R, then the set of primes AssR(R/In11 I
n2
2 · · · Inrr ) is stable for all suffi-
ciently large r-tuples (n1, n2, . . . , nr ). Recently, Kingsbury and Sharp extended this result to
any finitely many ideals and modules. They proved in [7] that if N ⊆ M are finitely generated
R-modules and I1, I2, . . . , Ir are ideals of R, then the set of primes AssR(M/In11 I
n2
2 · · · Inrr N) is
stable for all sufficiently large (n1, n2, . . . , nr ). More recently, West extended McAdam–Eakin’s
result concerning the stability of primes associated to homogeneous components of graded
modules to the multigraded case. He proved in [11] that for a Noetherian standard Nr -graded
ring A with A(0,0,...,0) = R and a finitely generated graded A-module M , the set of primes
AssR(M(n1,n2,...,nr )) is stable for all sufficiently large (n1, n2, . . . , nr ). He also showed that the
result of [5,7] followed from his result concerning the stability of primes associated to homoge-
neous components of multigraded modules.
The other one is an extension to a containment of graded algebras as in [6]. Katz and Naudé
extended Brodmann’s result to the symmetric powers of a module. They proved that if A is a
graded subring of the polynomial ring B over R, then the set of primes AssR(Bn/An) is stable
for all sufficiently large n.
The purpose of this paper is to give a common generalization to all of the result stated above.
Our main result is the following:
Theorem 1.1. Let A ⊆ B be a homogeneous extension of Noetherian standard Nr -graded rings
with A0 = B0 = R and N a finitely generated Nr -graded A-module and M a finitely generated
Nr -graded B-module. Assume that N is a graded A-submodule of M . Then the set of primes
AssR(Mn/Nn) is stable for all large n ∈ Nr . Namely, there exists a vector k ∈ Nr such that
AssR(Mn/Nn) = AssR(Mk/Nk) for all n k.
Here we use the partial order on Nr as follows: If n = (n1, n2, . . . , nr) and k = (k1, k2, . . . , kr ),
then n k if and only if ni  ki for all i = 1,2, . . . , r .
This is a common generalization to all of the result of [1,5,7,9,11] as stated above. Indeed, if
we take N to be zero module in Theorem 1.1, we can readily get the result of [9,11]. The result
of [6] is in the special case of Theorem 1.1 where B is a polynomial ring over R. The result of
[1,5,7] also follow from Theorem 1.1 as a direct consequence. Let J1 ⊆ I1, J2 ⊆ I2, . . . , Jr ⊆ Ir
be ideals of R. Let E be a finitely generated R-module and F a submodule of E. Then, applying
Theorem 1.1 to the case where A (respectively B) to be the multi-Rees ring with respect to ideals
J1, J2, . . . , Jr (respectively I1, I2, . . . , Ir ) and N (respectively M) to be the multi-Rees module
of F (respectively E) with respect to ideals J1, J2, . . . , Jr (respectively I1, I2, . . . , Ir ), we have
the following:
Corollary 1.2. Let J1 ⊆ I1, J2 ⊆ I2, . . . , Jr ⊆ Ir be ideals in a commutative Noetherian ring
R and F ⊆ E finitely generated R-modules. Then the set of primes AssR(In11 In22 · · · Inrr E/
J
n1
1 J
n2
2 · · ·Jnrr F ) is stable for all sufficiently large n = (n1, n2, . . . , nr ) ∈ Nr .
Brodmann’s result is in the case where r = 1, I1 = R and F = E. The result of [5,7] are in
the case where Ii = R for all i = 1,2, . . . , r .
In Section 2, we shall give a proof of Theorem 1.1.
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showed that depthR(R/In) is constant for all large n  0 by using the stability of AssR(R/In),
and improved Burch’s inequality for the analytic spread of an ideal. We can extend these results
to the case of a homogeneous extension of multigraded rings and modules.
In Section 3, we first investigate the asymptotic behavior of the grade of a module Mn/Nn in
Theorem 1.1. We prove that the grade of Mn/Nn with respect to any ideal a in R is constant for
all sufficiently large n ∈ Nr by using the stability of AssR(Mn/Nn).
In Section 4, we give a certain inequality for the spread of standard multigraded rings. The
notion of the spread of a multigraded ring is introduced by Kirby and Rees in [8], which is a
natural generalization of the notion of the analytic spread of an ideal [10]. We give an inequality
of the spread for any pair of standard multigraded rings A ⊆ B with A0 = B0 local. In the case
where B is a polynomial ring and is graded by N, we can improve the inequality by one more,
which is a generalization of Burch’s inequality for the analytic spread of an ideal.
Throughout this paper, all rings are assumed commutative with identity. N denote the set of
non-negative integers, and r is any fixed positive integer. We will use the partial order on Nr as
follows: If n = (n1, n2, . . . , nr) and k = (k1, k2, . . . , kr ), then n k if and only if ni  ki for all
i = 1,2, . . . , r . For all 1  i  r , ei = (0, . . . ,0,1,0, . . . ,0) ∈ Nr denote the ith standard basis
element of Nr . An Nr -graded ring G over G0 = R is said to be standard if it is generated over R
by elements in degrees e1, e2, . . . , er , i.e., in total degree one.
2. Proof of Theorem 1.1
In this section, we give a proof of Theorem 1.1. Let A ⊆ B be a homogeneous exten-
sion of Noetherian standard Nr -graded rings with A0 = B0 = R and N a finitely generated
Nr -graded A-module and M a finitely generated Nr -graded B-module. Assume that N is a
graded A-submodule of M . Before the proof of Theorem 1.1, we first recall the following two
lemmas.
Lemma 2.1. There exists a vector k ∈ Nr such that [(0) :M (Bej )]n = (0) for all n  k and all
j = 1,2, . . . , r .
Proof. See [11, Lemma 3.1]. 
Lemma 2.2. Let B be a Noetherian ring which is not necessarily graded and J1, J2, . . . , Jr ideals
in B . Let F ⊆ M be finitely generated B-modules. Then for each fixed integer j = 1,2, . . . , r :
(1) There exists a vector k ∈ Nr such that
J
n1
1 · · ·J
nj+m
j · · ·Jnrr F :M Jj ⊆ Jn11 · · ·Jnrr F + H0Jj (M)
for all n k and all m 0.
(2) There exists a vector k ∈ Nr such that
J
n1
1 J
n2
2 · · ·Jnrr F ∩ H0Jj (M) = (0)
for all n k.
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n1
1 · · ·
J
nj+m
j · · ·Jnrr F :M Jj = Jn11 · · ·Jnrr F when Jj contains a non-zero-divisor on M . Then it follows
from [8, Lemma 1.3].
(2) By the Artin–Rees lemma, there exists kj > 0 such that for all n ∈ Nr with nj  kj , we
have
J
n1
1 J
n2
2 · · ·Jnrr F ∩ H0Jj (M) = J
nj−kj
j
(
J
n1
1 · · ·J
kj
j · · ·Jnrr ∩ H0Jj (M)
)
⊆ Jnj−kjj H0Jj (M).
Hence the result follows from the fact that the module H0Jj (M) annihilated by a sufficiently large
power of Jj . 
Let me give a proof of Theorem 1.1. We begin with the following:
Proposition 2.3. With the above situation, there exists a vector k ∈ Nr such that AssR(Mn/Nn) ⊆
AssR(Mn+ej /Nn+ej ) for all n  k and all j = 1,2, . . . , r , where ej = (0, . . . ,0,1,0, . . . ,0) ∈
Nr is the standard basis element of Nr .
Proof. First, since N is a finitely generated over A, there exits a vector t ∈ Nr such that Nn+t =
AnNt for all n  0. Let F = B · Nt ⊆ M be a B-submodule of M generated by Nt and let
Jj = Aej B ⊆ B be an ideal in B generated by Aej (j = 1,2, . . . , r). Then we have the following
by Lemmas 2.1 and 2.2.
Claim. There exists a vector k ∈ Nr such that
(1) [(0) :M (Bej )]n = (0),
(2) Jn11 · · ·J
nj+1
j · · ·Jnrr F :M Jj ⊆ Jn11 · · ·Jnrr F + H0Jj (M),
(3) Jn11 Jn22 · · ·Jnrr F ∩ H0Jj (M) = (0),
for all n k and all j = 1,2, . . . , r .
We would like to show that AssR(Mn+t/Nn+t) ⊆ AssR(Mn+t+ej /Nn+t+ej ) for all n  k
and all j = 1,2, . . . , r . Take p ∈ AssR(Mn+t/Nn+t) and fix an integer 1  j  r . To show that
p ∈ AssR(Mn+t+ej /Nn+t+ej ), we may assume that (R,p) is local. Write p = Nn+t :R h for some
h ∈ Mn+t. We consider the following two cases.
Case 1. Aej · h  Nn+t+ej .
Let a be an element in Aej such that ah /∈ Nn+t+ej . Then
p(ah) = a(ph) ⊆ Nn+t+ej ,
and so we have p ⊆ Nn+t+ej :R ah = R. Hence we get the equality p = Nn+t+ej :R ah.
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Suppose Aej · h ⊆ Nn+t+ej . Then Jj · h ⊆ Jn11 · · ·J
nj+1
j · · ·Jnrr F . Hence we have
h ∈ Jn11 · · ·J
nj+1
j · · ·Jnrr F :M Jj
⊆ Jn11 · · ·Jnrr F + H0Jj (M) by Claim (2).
We write h = h1 + h2 with h1 ∈ Jn11 Jn22 · · ·Jnrr F and h2 ∈ H0Jj (M). Since h is a homogeneous
element of degree n+ t, we may assume that h1 ∈ [Jn11 · · ·Jnrr F ]n+t = Nn+t. Therefore, we may
assume that h ∈ H0Jj (M). Assume that Bej · h ⊆ Nn+t+ej . Then we have
Bej · h ⊆ Jn11 · · ·Jnj+1 · · ·Jnrr F ∩ H0Jj (M) = (0),
by Claim (3). Hence h ∈ [(0) :M (Bej )]n+t = (0) by Claim (1) and we have h = 0. This is a
contradiction. Therefore Bej · h  Nn+t+ej . Let b ∈ Bej with bh /∈ Nn+t+ej . Since
p(bh) = b(ph) ⊆ Jn11 Jn22 · · ·Jnrr F,
we have p(bh) ⊆ Jn11 Jn22 · · ·Jnrr F ∩ H0Jj (M) = (0) by Claim (3). Hence
p ⊆ (0) :R bh ⊆ Nn+t+ej :R bh = R,
and we have the equality p = Nn+t+ej :R bh. 
Proof of Theorem 1.1. By Proposition 2.3, there exists a vector k = (k1, k2, . . . , kr ) ∈ Nr
such that AssR(Mn/Nn) ⊆ AssR(Mn+ej /Nn+ej ) for all n  k and all j = 1,2, . . . , r . Let
k0 = max{k1, k2, . . . , kr} and set k0 = (k0, k0, . . . , k0). Then we have an increasing sequence
AssR(Mk0/Nk0) ⊆ AssR(Mk0+1/Nk0+1) ⊆ · · · ,
where 1 = (1,1, . . . ,1). Therefore it is enough to show that
Claim. The set
⋃
m>0 AssR(M(m,...,m)/N(m,...,m)) is finite.
Let F(m) = AssR(M(m,...,m)/N(m,...,m)) for any m > 0. Since N is finitely generated over A,
there exists  > 0 such that
N(m,...,m) = A(m−,...,m−)N(,...,)
= [Jm−L]
(m,...,m)
for all m  , where J = J1J2 · · ·Jr and L = B · N(,...,). Therefore, for all large m  0, we
have M(m,...,m)/N(m,...,m) = [M/Jm−L](m,...,m). Hence we have
F(m) ⊆ AssR
(
M/Jm−L
)
= {P ∩ R | P ∈ AssB(M/Jm−L)}
for m  0. Since it is easy to see that the set ⋃n>0 AssB(M/JnL) is finite, we have Claim. 
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In this section, we investigate the asymptotic property of the grade of a module Mn/Nn in
Theorem 1.1. By using the stability of AssR(Mn/Nn), we prove the following:
Theorem 3.1. Let A,B,N,M and R be the same as in Theorem 1.1. Then for any ideal a in R,
grade(a,Mn/Nn) is constant for all large n  0. Namely, there exists a vector k ∈ Nr such that
grade(a,Mn/Nn) = grade(a,Mk/Nk) for all n k.
Proof. We may assume that a = R. For any k ∈ Nr , we put
ck = inf
{
grade(a,Mn/Nn) | n k
}
.
Fix any increasing sequence k(1) < k(2) < · · · < k(m) < · · · of Nr and put c = limm→∞ ck(m) .
If c = ∞, then grade(a,Mn/Nn) = ∞ for all large n  0. Assume c < ∞. We proceed by
induction on c. By Theorem 1.1, there exists k() such that
AssR(Mn/Nn) = AssR(Mk()/Nk() ) for all n k().
Let F = AssR(Mk()/Nk() ). When c = 0. Then there exists m  k() such that
grade(a,Mm/Nm) = 0, because ck() = 0. Hence
a ⊆
⋃
p∈AssR(Mm/Nm)
p =
⋃
p∈F
p.
This implies grade(a,Mn/Nn) = 0 for all n k(). Suppose c > 0. Then grade(a,Mn/Nn) > 0
for all n k(). Hence
a 
⋃
p∈AssR(Mn/Nn)
p for all n k().
So, we can choose x ∈ a which is a non-zero-divisor on Mn/Nn for all n  k(). Set
A′ = (A + xB)/xB ⊆ B ′ = B/xB and N ′ = (N + xM)/xM ⊆ M ′ = M/xM . We put c′k =
inf{grade(a,M ′n/N ′n) | n  k} and let c′ = limm→∞ c′k(m) . Then c′ = c − 1, because x is a non-
zero-divisor on Mn/Nn for all large n  0. By induction hypothesis, replacing by large k  0 if
necessary, there exists k k() such that
grade
(
a/xR,M ′n/N ′n
)= grade(a/xR,M ′k/N ′k) for all n k.
Hence we have grade(a,Mn/Nn) = grade(a,Mk/Nk) for all n k. 
As a direct consequence of Theorem 3.1, we have the following:
Corollary 3.2. Let J1 ⊆ I1, . . . , Jr ⊆ Ir be ideals in a commutative Noetherian ring R and
F ⊆ E finitely generated R-modules. Then for any ideal a in R, grade(a, I n11 · · · Inrr E/J n11 · · ·
J
nr
r F ) is constant for all large n  0. Namely, there exists a vector k = (k1, . . . , kr ) ∈ Nr
such that grade(a, I n11 · · · Inrr E/J n11 · · ·Jnrr F ) = grade(a, I k11 · · · I krr E/J k11 · · ·J krr F ) for all n =
(n1, . . . , nr ) k.
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Let A ⊆ B be a homogeneous extension of Noetherian standard Nr -graded rings with A0 =
B0 = R. Assume that R is local. By Theorem 3.1, depthR(Bn/An) is constant for all large n  0.
We denote by depth(A,B) this constant value and call it the asymptotic depth of multigraded
rings A and B . The asymptotic depth is related to the spread of A and B . The spread of a
multigraded ring was first introduced by Kirby and Rees in [8]. Let me recall the definition of the
spread of a multigraded ring. Let G be a Noetherian standard Nr -graded ring with G0 = (R,m)
local. Then the spread s(G) of G is defined to be
max
{
htG/mGP | P is a graded prime of G/mG, [G/mG]+  P
}+ 1,
where [G/mG]+ = ⊕n1,...,nr>0[G/mG](n1,...,nr ) is the irrelevant ideal of G/mG. When
[G/mG]+ ⊆ √(0), we define s(G) = 0. When r = 1, one can check that s(G) = dimG/mG. If
we take G =R(I ) to be the Rees ring of an ideal I in R, then the spread of G is just the analytic
spread of an ideal I , which was introduced by Northcott and Rees in [10].
With this notation, we have the following:
Theorem 4.1. Let A ⊆ B be a homogeneous extension of Noetherian standard Nr -graded rings
with A0 = B0 = (R,m) local. Let d = dimR be the dimension of R. Then
s(A) s(B) + d − depth(A,B),
if depth(A,B) is finite.
Proof. By [8, Lemma 1.7], the spread of a multigraded ring is equal to the spread of its diagonal
subring. Also, the asymptotic depth is equal to the asymptotic depth of a homogeneous extension
of its diagonal subrings. So we may assume that r = 1. Let c = depth(A,B). We would like to
show that
dimA/mA dimB/mB + d − c.
We proceed by induction on c. Since
dimA/mA dimA
 dimB
 d + dimB/mB,
it is true when c = 0. Suppose c > 0. Then
m 
( ⋃
Q∈AsshR
Q
)
∪
( ⋃
p∈F
p
)
,
where F is the stable value of AssR(Bn/An) for sufficiently large n  0. Let a ∈ m such that
a is a non-zero-divisor on Bn/An for all n  0 and a /∈ Q for every Q ∈ AsshR. Set A′ =
A/(aB ∩ A) ⊆ B ′ = B/aB . Then depth(A′,B ′) = c − 1. By induction hypothesis, we have
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 dimB/mB + d − c.
We then claim that dimA/mA = dimA′/mA′. To see this, it is enough to show that √mA =√
mA + (aB ∩ A). Suppose x ∈ √mA + (aB ∩ A). We may assume that x is homogeneous.
Then x ∈ mA+ (aB ∩A) for some  > 0. When degx = 0. Since x ∈ [mA+ (aB ∩A)]0 = m,
we get x ∈ √mA. When t = degx > 0. Replacing by large   0 if necessary, we may assume
that a is a non-zero-divisor on Bt/At. Hence we have
x ∈ [mA + (aB + A)]
t
= mAt + (aBt ∩ At)
= mAt + aAt
= mAt.
Therefore x ∈ √mA. This completes the proof. 
This bound is sharp in general. Indeed, there exists a simple example as follows:
Example 4.2. Let (R,m) be a Cohen–Macaulay local domain and T = R[X,Y ] a polynomial
ring over R. Let B = T/(XY) and denote by x, y the reduction of X,Y mod(XY), respectively.
Let A = R[x + y] be a subring of B . Then depth(A,B) = d = dimR and s(A) = s(B) = 1.
Hence, we have the equality s(A) = s(B) + d − depth(A,B).
In more special case, we can obtain the following better bound by one more.
Theorem 4.3. Assume that B is a polynomial ring over R and r = 1 in Theorem 4.1. Then
s(A) s(B) + d − depth(A,B) − 1,
if depth(A,B) is finite.
Burch proved in [3] that if I is an ideal in R, then
λ(I) dimR − inf
n>0
{
depthR
(
R/In
)}
,
where λ(I) = dim(R(I )/mR(I )) the analytic spread of I . Theorem 4.3 is a natural generaliza-
tion of this inequality. Indeed, if we take A =R(I ) to be the Rees ring of an ideal I of R and
B = R[t] to be the polynomial ring over R with one variable, then we can readily get the result
of Burch.
Proof of Theorem 4.3. We first prove that dimA/mA dimB − 1. Since A is a subring of the
polynomial ring B = R[t1, . . . , tn],
Min(A) = {pB ∩ A | p ∈ Min(R)}.
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dimA/mA dimA − 1
 dimB − 1.
When d = 0. Note that dimA dimB . Assume dimA/mA = dimB . Then dimA/(mB ∩ A) =
dimA = dimB . This implies [A/(mB ∩ A)]1 = [B/mB]1 and so we have B1 = mB1 + A1.
Hence B1 = A1 by Nakayama’s lemma. This contradicts depth(A,B) is finite. Hence we have
dimA/mA dimB − 1. Let c = depth(A,B). Since
s(A) = dimA/mA dimB − 1
= s(B) + d − 1,
it is true when c = 0. Suppose c > 0. Then, by the same argument as in a proof of Theorem 4.1,
it follows that
dimA/mA dimB/mB + d − c − 1. 
Remark 4.4. In [4], A.L. Branco Correia and S. Zarzuela have also obtained the same inequality
in their study of the Rees powers of a module.
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